It’s a best fit line if the sum of squared vertical distances (from the point to the line) is as small as it can
be. Le., find b, and b, that minimize the sum f(b,, b;).

n

f(bg; 1) = Z (y; — [bo + bﬂz‘DQ

=1
Where:
« y,: observed value of the dependent variable for i-th data point. ILe., the label.

o by + byz;: predicted value of y,, where b, is the slope, i.e., the rate of change per 1 unit of x.

o (y; — by — byz;)?: error squared for each data point. can be seen as y_actual - y_predicted.

We then take the partial derivative with respect to both b, and b, and equating them to 0 to find the values
that minimize the sum. Using the chain rule, we get:

00l _ Sy, — by — by ) (1) = 0 @

0

010l ™ oy, — by — by () = 0 @)
1

From (1), we get:

Distribute the summation:

Consider the summation:
n
> b
i=1
Because b, is a constant, we have:
by +by+-+by = nbg.

Thus, it follows that

S b -
=1




Because b, and b, are constants (with respect to the sum over ¢), we have:

Zyi - 6021 - blzxi = 0.
i=1 i=1 i=1

n n

Zyi — byn — bIin = 0.
i=1 i=1

Hence,
i=1 i=1

Divide by n:

1 & 1 &

by = *Zyi - b1*2951

ni= i=1
so we obtain

‘bo =y —bx ‘

Step 2: Using partial derivative of f(b,, b,) w.r.t. b,

Earlier from (2), we got:

df(by,b
Houta) = 57 200, by~ biz) () =0

Setting this to zero for the critical point:

1=1

sz‘ (y; — by — byz;) = 0.

i=1

3

(z;y; — 2;b09 — by2?) = 0.
i—1

Distribute inside the summation:
n n n
Zwiyi - Zfﬂz‘bo - sz (byz;) = 0.
i=1 i=1 i=1

Because b, and b, are constants:

n n

Zn:xiyi — bOin — bIZ$f = 0.
i=1

=1 =1



Now substitute b, = y — b,z (found in the previous step):

n n n
inyi - @—by’f)ZfCi — blzxf = 0.
i=1 i—1 =1

Distribute the middle term:

n

n n n
inyi —ﬂzxz‘ + b ) _blzxzz =
=1 =1 i=1 =1

Group together the terms that contain b;:
n

Zn:xi?/i - ?jzn:% + b1<ffzxi - Zn:l“zz) =
i=1 i=1

i=1 =1

Isolate the b, terms:

3
3

Rearrange it more cleanly:




Properties of Mean-Centered Data

First, note an important property of mean-centered terms:

n n
(x;, —x) = Z:Cz — Z:E
i—1 =1

-

-
Il
N

Since 7 is a constant,

i

1=

n
But by definition of z, Z z; = nZ (expand z if you want to see it). Hence,
=1

Z(fﬁz_@ = (nz) — (nz) = 0.
Similarly,
Z(yi_?j) = 0.
=1

Therefore, these (z; — z) and (y; — y) terms are “centered” around zero.

Additionally,

Substituting this into the numerator, we get:
= [, —2) + &y —y,)
i=1

n

=2 (@ =)y —y) + 3y —v)

-
Il
—

= Z(ﬂf —2)(y—y;) +0

Therefore, we get:

Denominator:



i=1
Finally,
Numerator: Expand the product
Swy = Z; [xzyz -y — Ty
Distribute the summation

Expanding the bar’s:

Since 7y is constant, we get:

Hence, combining everything:

zn:xiyi _ 9 (E%L(Zyz) X (> = Zyz

That matches the usual final form. In other words,

Z:ﬁ Yi —

Zyzl xz)(Z?zl yz) '

n




Denominator

We start with:

Expand each term:

Distribute the summation:

3
3
3

2 — 2% x;, + Yy T
=1 =1 =1
n n
Recall ¥ z, =nzand Z 72 = nz? Hence,
i=1 =1
n n
Y (w,—5)? =) a? — 28 (nZ) + ni*
=1 =1
n
= r? — 2nz? + n’.
=1
Thus,
2
n
X
=3t 0 (22
=1 n
Therefore:

These forms remove the need to do any calculations with the mean of X or Y.



